Abstract. Given two small dg categories C, D, defined over a field, we introduce their (non-symmetric) twisted tensor product C 
Introduction

0.1
The construction of twisted tensor product C ∼ ⊗ D of small dg categories, provided in this paper, mimics for the case of dg enrichment the construction of Gray product of strict 2-categories [Gr] . Recall that for the Gray product A × G B of strict 2-categories the diagram commutes only up to a new 2-arrow. It defines a monoidal product on the category Cat 2 of strict 2-categories, and there is an adjunction Cat 2 (A × G B, C) = Cat 2 (A, Ps(B, C)) (0.2)
where Ps(−, −) stands for the 2-category of pseudo-natural transformations. There is a monoidal closed model structure on the category Cat 2 [L] , and from this point of view the Gray product is better than the cartesian product.
Let C, D be small dg categories over a field k. We construct a small dg category C ∼ ⊗ D as follows. It has objects Ob(C) × Ob(D), and its morphisms is a free dg envelope of morphism in C × id Y , id X ×D, for any X ∈ Ob(C), Y ∈ Ob(D), and of some new morphisms.
The simplest among the new morphism is ε(f ; g) of degree deg ε(f ; g) = deg f +deg g −1, for homogeneous morphisms f in C and g in D, f : X 0 → X 1 , g : Y 0 → Y 1 . We define its differential as dε(f ; g) + ε(df ; g)
in the spirit of the Drinfeld dg quotient [Dr] . This new morphism ε(f ; g) is thought of as a dg counterpart of the new 2-morphism in diagram (0.1) for the case of Gray product. There are also higher new morphisms ε(f ; g 1 , . . . , g n ), for a homogeneous morphism f in C, and for a chain of composable homogeneous morphisms g 1 , . . . , g n in D, with the differentials of them defined accordingly, see (2.4). They are subject to relations (R 1 )-(R 4 ), see Section 2.1
Our first result shows that an adjunction, analogous to (0.2), holds.
Theorem 0.1. Let C, D, E be small dg categories over a field k. One has an adjunction
where Coh dg (−, −) stands for the dg category, whose objects are dg functors and whose morphisms are coherent natural transformations between them.
We stress that this adjunction holds in the category Cat dg (k) itself, not in its homotopy category.
0.2
The most of work in this paper is done for computation of the homotopy type of the dg category C ∼ ⊗ D. We are able to find the homotopy type of C ∼ ⊗ D, provided C, D are cofibrant for the Tabuada closed model structure on Cat dg [Tab1] . We have:
Theorem 0.2. Let small dg categories C, D be cofibrant for the Tabuada closed model structure. Then C ∼ ⊗ D is isomorphic, as an object of the homotopy category Hot of small dg categories, to the ordinary tensor product C ⊗ D.
Let us outline the main steps in the proof of Theorem 0.2. The idea is to show that, for cofibrant C, D, (0.4) descends to an adjunction in the homotopy category Hot:
Hot(C ∼ ⊗ D, E) = Hot(C, Coh dg (D, E)) (0.5)
By a result of Faonte [Fa2] , Coh A∞ (−, −) has the homotopy type of the derived Hom RHom(−, −) of two small dg categories, introduced in [To] , and for D cofibrant, the dg categories Coh A∞ (D, E) and Coh dg (D, E) are isomorphic in Hot. Then Theorem 0.2 follows from (0.5) and the fundamental result of Toën [To, Cor. 6.4] saying that − ⊗ D is the left adjoint to RHom(D, −) in Hot.
The most non-trivial part is to show that (0.4) descends to (0.5). Our strategy is as follows.
We compute the homotopy relation in Cat dg (C, D), for C cofibrant, as the right cylinder homotopy relation, with the path objectD of D, introduced in [Tab2] . Theorem 0.3 may have an independent interest. We know from [Tab2] that Coh dg (D, E) is a path object, and one needs to prove the same thing for Coh dg (D,Ê). To prove it, we revisit the proof thatĈ is a path object of C, given in [Tab2, Prop. 2.0.11]. We replace it by a more direct argument, which works as well in the refined situation. First of all, we consider the case when D is an I-cell complex 1 . It is the most tricky part of the paper, see Key-Lemma 4.1.
Remark 0.4. Note that for the case of Gray product we started our discussion with it is true that for any two 2-categories C, D the natural projection C × G D → C ×D is a weak equivalence, so these two 2-categories are isomorphic as objects of the homotopy category, see [L, Section 2] . In our situation, a similar property would seemingly hold if we considered an "
. . , g n ) are also added, and (2.2) is replaced by a sequence of higher A ∞ equations. The category C ∼ ⊗ ∞ D has the following drawback: the adjunction (0.4) fails, and it is not replaced by any other adjunction (at least, outside of the world of ∞-categories).
0.3.1
This paper is the first one in a bigger project. In our next paper(s), we establish some associativity properties for C ∼ ⊗ D, and apply it to a construction of a contractible 2-operad in the sense of Batanin [Ba3, 4, 5] , acting on the category of small dg categories. This contractible 2-operad is different from the one found in [T2] , and has some fruiful applications. The statement of Theorem 0.2 is needed to show that the constructed 2-operad is contractible.
0.3.2
Another, more general and less explicit, approach to the Gray-like product for different enrichments has been developed in [Ba1, 2] , [St] .
0.4
The paper is organized as follows.
In Section 1, we recall the definition and some basic facts on coherent natural transformations.
In Section 2 we introduce our main object of study here: the twisted tensor products of small dg categories C ∼ ⊗ D. Theorem 0.1 is proved as Theorem 2.2. In Section 3 we recall some facts from closed model categories necessary for proofs of Theorem 0.2 and Theorem 0.3. It is standard. The only exception is a more direct proof of a result of Tabuada [Tab2] on a path object of a dg category, given in Lemma 3.5. We need this direct proof for a proof of Key-Lemma 4.1, more specifically, for Lemma 4.9.
Section 4 is the technical core of the paper. It is devoted to a proof of Theorem 0.2, which figures as Theorem 2.4. Theorem 0.3 is proved in Proposition 4.4, with the most essential step made in Key-Lemma 4.1.
1 Coherent natural transformations
Notations
Throughout the paper, k denotes a field of any characteristic. For a graded vector space, we denote by |v| the degree of a homogeneous element v ∈ V .
We denote by C, D, E, . . . small dg categories over k (see [K2] ). The set of dg functors
The ordinary category whose objects are small dg categories over k and whose morphisms are dg functors is denoted by Cat dg (k).
For a category C, we sometimes use the notation "X ∈ C" meaning that X is an object of C.
For an abelian category A, we denote by A q the dg category whose objects are complexes of objects of A, and whose Hom's are defined as the Hom's of the underlying graded abelian groups, with the differential acting on it as
With a dg category C over k is associated a k-linear category H 0 (C). It has the same objects as C, and
) is a quasi-isomorphism of complexes, and (b) the corresponding functor H 0 (F ) :
The category Cat dg (k) of small dg categories over k admits a closed model structure, whose weak equivalences are quasi-equivalences. It is due to Tabuada [Tab1] . We discuss this closed model structure in more detail in Section 3.3 below.
The definition
We recall the definition of a coherent natural transformation F ⇒ G : C → D, where C, D are small dg categories over k, and F, G are dg (resp., A ∞ ) functors C → D.
Let C, D ∈ Cat dg (k), and let F, G : C → D be dg functors. Associate with (F, G) a cosimplicial set coh q(F, G), as follows.
where Hom k stands for the enriched over dg vector spaces inner Hom. The coface maps
and the codegeneracy maps
are defined in the standard way, see e.g. [T2, Sect. 3] . For example, recall the coface maps
We set:
where k∆(−, n) is a simplicial vector space, and C q (−) stands for its normalised Moore complex, and − denotes the end. One easily shows that the complex Coh(F, G) is isomorphic, up to signs in the differential, to the product-total complex of the cochain complex Tot Π (C q (coh q (F, G))). Alternatively, Coh(F, G) can be defined as the Hochschild cochain complex of C with coefficients in the C-bimodule Hom D (F (−), G(−)).
The definition of Coh(F, G) can be upgraded for the case when F, G : C → D are A ∞ functors, see [LH, Ch. 8] .
One defines two dg categories, associated with a pair C, D of small dg categories over k,
The dg category Coh dg (C, D) has the dg functors F : C → D as its objects, and
as its Hom-complexes. The dg category Coh A∞ (C, D) has the A ∞ functors C → D as its objects and
as its Hom-complexes. The construction of Coh * (C, D) is functorial with respect to dg (corresp.) A ∞ functors f : C 1 → C and g : D → D 1 , and gives rise to dg (corresp., A ∞ ) functors
where * = dg (corresp., * = A ∞ ).
The following result has a fundamental value:
It is proven in [LH, Ch.8] that Coh A∞ (C, D) is bi-functorial with respect to the A ∞ functors. It follows from [LH, Theorem 9.2.0.4 ] that a weak equivalence can be inverted as an A ∞ functor. The statement follows from these two results.
An adjunction
The category Cat dg (k) admits a Quillen closed model structure, whose weak equivalences are quasi-equivalences of dg categories [Tab1] . We recall fibrations and cofibrations of this closed model structure in Section 3.3 below.
Denote by Hot the homotopy category of dg categories, which is defined as the localization of Cat dg (k) by weak equivalences.
B. Toën proved that Hot is a symmetric closed category, whose external Hom is denoted by RHom(C, D). It is a dg category whose objects are quasi-functors and whose morphisms are their derived maps, see [To] . For two dg categories C, D over k, denote by C ⊗ D their tensor product over k. Its objects are Ob(C) × Ob(D), and
The following fundamental adjunction is proven in [To, Cor. 6 .4]:
Faonte proved in [Fa2, Th. 1.7 ] the following result, linking Theorem 1.2 with Coh(C, D): Theorem 1.3. For two small dg categories C, D over k, there is an isomorphism in Hot:
Consequently, one has:
Our first result "refines" the adjunction (1.6) to the situation when the category Hot is replaced by Cat dg (k). Namely, we provide a construction of a dg category C ∼ ⊗ D, called the twisted tensor product of C and D, such that the following adjunction holds:
2 The twisted tensor product
The definition
Let C and D be two small dg categories over k. We define the twisted dg tensor product C ∼ ⊗ D, as follows.
The set of objects of
. Consider the graded k-linear category F (C, D) with objects Ob(C) × Ob(D) freely generated by {C ⊗ id d } d∈D , {id c ⊗D} c∈C , and by the new morphisms ε(f ; g 1 , . . . , g n ), specified below.
chains of composable maps in C and in D, correspondingly, with n ≥ 1, one introduces a morphism
The underlying fraded category is defined as the quotient of F (C, D) by the two-sided ideal, defined by the following identities:
. . , g n ) = 0 if g i = id y for some y ∈ Ob(D) and for some 1 ≤ i ≤ n, ε(id x ; g 1 , . . . , g n ) = 0 for x ∈ Ob(C) and n ≥ 1, (R 4 ) for any c 0
To make it a dg category, one should define the differential dε(f ; g 1 , . . . , g n ).
For n = 1 we set:
For n ≥ 2:
Lemma 2.1. One has d 2 = 0. The differential agrees with relations (R 1 )-(R 4 ) above.
It is clear that the twisted tensor product
Note that the twisted product C 
The adjunction
Our interest in the twisted tensor product C ∼ ⊗ D is explained by the following fact: Theorem 2.2. Let C, D, E be three small dg categories over k. Then there is a 3-functorial isomorphism of sets:
On morphisms: for x 0 f − → x 1 a morphism in C, set Φ(F )(f ) to be a coherent natural transformation with components define as F (f ) for n = 0, and for n ≥ 1 its value on y 0
The degree ε(f ; g 1 , . . . , g n )) = deg f + i deg g i −n for homogeneous f, g i , and formula (2.4) for d(ε(f ; g 1 , . . . , g n ) are designed especially for Φ(F )(f ) to be a coherent natural transformation.
by the identity (2.2). It makes F a dg functor.
equal to the identity on objects, and sending all ε(f ; g 1 , . . . , g s ) with s ≥ 1 to 0.
Proof. It can be either seen directly, or can be deduced from Theorem 2.2 and the natural dg embedding Fun dg (D, E) → Coh dg (D, E), along with the classic adjunction We prove Theorem 2.4 in Section 4 below. The main step of the proof is to show that, for cofibrant C and D, the adjunction (2.5) "descends" to the adjunction in the homotopy category of dg categories Hot:
As soon as (2.8) is established, Theorem 2.4 follows from Toën's result stated in Theorem 1.2, from Lemma 4.2, Theorem 1.3, and from the Yoneda lemma. Thus, the main step is to pass from (2.5) to (2.8).
The rest of the paper is devoted to a proof of Theorem 2.4.
3 Reminder on closed model categories
The Homotopy relation
Let M be a closed model category [Q] , [GJ, Ch. II, Section 1] , [Hir, Ch. 7] . Recall that one derives a homotopy relation on Hom M (C, D) from the basic axioms of a closed model category.
There are two such relations.
The first one ∼ L uses a cylinder object of C, and is an equivalence relation when C is cofibrant, in which case the realation f ∼ L g does not depend on the choice of a cylinder object.
The second one ∼ R uses a path object of D, and is an equivalence relation when D is fibrant, in which case the relation f ∼ R g does not depend on the choice of a path object.
Moreover, when C is cofibrant and D is fibrant, f ∼ L g holds iff f ∼ R g, see Proposition 3.1 below.
A cylinder object of an object C of M is a commutative triangle
where ∇ : C ⊔ C → C is the canonical map defined from the identity map C → C on each summand, i is a cofibration, and σ is a weak equivalence. The cylinder object always exists but is not unique. The left homotopy relation f ∼ L g, for f, g : C → D, is defined for a given choice of a cylinder object of C. It is defined as a commutative diagram
where (f, g) is the map defined via f and g on the summands C, and the data C ⊔ C i − →C comes from some choice of a cylinder object.
In general, ∼ L is not an equivalence relation on Hom(C, D), but it is when C is cofibrant. See Proposition 3.1 below.
Recall also the path objects and the right homotopy relation. Let M be a closed model category, D an object of M.
A path object of D is a commutative triangleD
where ∆ is the diagonal map, s is a weak equivalence, and p is a fibration. The path objects always exist but are not unique.
Assume a path object of D is chosen. One says that f, g ∈ Hom(C, D) are right homotopic with respect to the path object if there is a commutative trianglê
In general, ∼ R is not an equivalence relation on Hom(C, D), but it is, if D is fibrant, see Proposition 3.1 below. 
See [GJ, Cor. II 1.9 ] for a proof.
The homotopy category Ho(M) is defined as a category whose objects are the same as the objects of M, and whose morphisms
where RQ(X) is a fibrant cofibrant replacement of the object X. The reader is refered to [GJ, Ch. II, Section 1] for more detail.
The closed model structure on the category of dg associoative algebras
Recall that a dg associative algebra A over k is called semi-free if there is an exhaustive ascending filtration
where each A i is a dg associative algebra, the underlying graded algebra of A i+1 is freely generated by A i and a set of elements V i+1 = {f i+1,1 , . . . , f i+1,n i+1 }, and
Similarly, let in the above definition A 0 be some dg associative algebra (with possibly nonzero differential), and one has an exhaustive ascending filatration A 0 ⊂ A 1 ⊂ A 2 ⊂ . . . on A, such that each A i is a dg associative algebra, the underlying graded algebra of A i+1 is freely generated by A i and a set of elements V i+1 = {f i+1,1 , . . . , f i+1,n i+1 }, and d(f i+1,k ) ⊂ A i for any k and for i ≥ 0 (that is, the condition for i = −1 is dropped). Then the imbedding
Recall that the category of dg associative algebras over a field k admits a closed model structure due to Hinich [H1] . Its weak equivalences are quasi-isomorphisms, fibrations are component-wise surjective maps, and cofibrations are the maps satisfying the left lifting property with respect to acyclic fibrations, see [H1, 
It can also be defined as the cone of the identity map of k[n − 1]. Define two dg categories, C(n) and P (n), n ∈ Z. The dg category C(n) has 2 objects, denoted by a, b, and the morphisms C(n)(a, a) = k,
The dg category P (n) has 2 objects, denoted by a ′ , b ′ , and the morphisms
There is a dg functor s(n) : C(n) → P (n). It sends a to a ′ , b to b ′ , and the corresponding map
Let X be a dg category. Note that a dg functor F : C(n) → X is nothing but a pair of objects x, y ∈ X, and a closed homogeneous of degree −r + 1 morphism X(x, y). The dg functor F factors as C(n) s(n) −−→ P (n) → X if and only if the closed homogeneous morphism of degree −r + 1 is a coboundary.
A dg functor f : X → Y is called a relative I-cell complex if there is an ascending filtration
are the embedding of the consequtive terms of the filtration), such that f 0 : X → Y 0 = X is the identity functor, and f n+1 : X → Y n+1 is obtained from f n : X → Y n by either of the following operations (i), (ii): (ii) we are given a dg functor F : C(k) → Y n (for some k ∈ Z), and define Y n+1 as colimit of the pushout diagram:
A small dg category C is called an I-cell complex if ∅ → C is a relative I-cell complex.
Remark 3.2. Strictly speaking, one needs to consider the filtrations labelled by all small ordinals λ in the definition of a relative I-cell complex, and to use the transfinite induction, cf. [Hir, Ch. 10.1-10.5]. Although the small object argument in our case holds for all ordinals starting with ℵ 0 , one needs to have more relative I-cell complexes and I-cell complexes for e.g. Proposition 3.3 below to be true. We skip these technical issues addressing the interested reader to loc.cit.
Recall that the category Cat dg (k) of small dg categories over k admits a cofibrantly generated closed model structure, constructed in [Tab1] .
Its weak equivalences are quasi-equivalences of dg categories. Its set of generating cofibrations is I = {α, s(n)} n∈Z , where α : ∅ → k is the unique dg functor from the initial object ∅ in Cat dg (k) to k.
The fibrations are described as follows: A dg functor F : C → D is called a fibration if the following conditions hold:
(F1) for any two objects x, y ∈ C, the map C(x, y) → D(F (x), F (y)) induced by F , is a fibration of complexes (that is, a component-wise surjection), (F2) for any x ∈ C and any isomorphism v :
In particular, any object is fibrant. The cofibrations are defined as those morphisms which have the left lifting property with respect to the acyclic fibrations.
One has the following explicit description of the cofibrations.
Proposition 3.3. Any cofibration for the closed model structure on Cat dg (k) is a retract of a relative I-cell complex.
Proof. It follows from the general description of cofibrations in a cofibrantly generated closed model category, given in [Hir, Prop. 11 .2.1 (1)], and from the description of generating cofibrations, see [Tab1, Th. 1.8] for more detail.
Explicit path objects 3.4.1 The case of dg associative algebras
Assume char k = 0. Consider the dg commutative algebra (the algebraic de Rham complex of
The two projections p 0 , p 1 : C⊗k[t, dt] → C are given by two maps of dg algebras p ′ 0 , p ′ 1 : k[t, dt] → k, which are evaluations at t = 0 and at t = 1. The map (p 0 , p 1 ) :
The map s :
is a path object. This simple construction is not generalized directly for the case of dg categories.
The case of small dg categories
Here we provide a detailed account on the Tabuada path objectĈ for a small dg category C, see [Tab2, Sect. 2] . For our needs, we provide a direct proof that it is a path object, replacing the implicit part in the proof of [Tab2, Prop. 2.0.11] by an explicit argument. It will make us possible to prove that for small dg categories C, D, with C an I-cell complex, both dg categories Coh dg (C, D) and Coh dg (C,D), provide path objects of the dg category Coh dg (C, D). Let C be a small category. The categoryĈ has as objects the triples (x, y, f ), where x, y ∈ Ob(C), φ a closed degree 0 morphism f : x → y, such that the corresponding morphism [f ] ∈ H 0 (C)(x, y) is an isomorphism.
The complexes of morphisms defined (as Z-graded modules) aŝ
A homogeneous morphism φ of degree r is given by a matrix
and its differential is given by
where m 1 and m 2 are homogeneous of degree r, and h is homogeneous of degree r − 1. For φ as above and
To form diagram (3.3), one needs to define dg functors s : C →Ĉ and projections p 0 , p 1 :Ĉ → C. One has:
Proposition 3.4. For a small dg category C, the dg categoryĈ embedded to the diagram
is a path object. That is, the dg functor s is a weak equivalence, and the dg functor (p 0 , p 1 ) is fibration.
Proof. The statement that s is a weak equivalence is standard, and the reader is referred to [Tab2, Prop. 2.0 .11] for a proof. The condition (F1) of a fibration (see Section 3.3) is tautological. The hard part is the property (F2). As we've said, we provide a direct proof of this statement, different from loc.cit. It is a bit computational. We use this direct approach in Lemma 4.9 below, in the proof of Theorem 2.4. In this setting, (F2) is the following statement. can be reconstructed by the dashed arrows to a closed morphism
Moreover, Φ becomes an isomorphism in H 0 (Ĉ).
Proof. Recall the following classic fact, due to M.Kontsevich [Ko, Lecture 6] :
Lemma 3.6. Let C be a dg category, and let f : X → Y be a closed degree 0 morphism, such that [f ] is an isomorphism in H 0 (C). Then there exist the following data: a closed degree 0 morphism g : Y → X, morphisms h X ∈ Hom
, and a morphism r ∈ Hom −2
Of course, (3.11) is trivial. The statement of Lemma essentially means that it is always possible to choose g, h X , h Y such that (3.12) holds.
(and keep g and h X unchanged). It is claimed that (f, g, h X , h ′ Y ) satisfy both (3.11) and (3.12). The equation f g = id Y +dh ′ Y is checked directly. For the equation (3.12), one has:
Remark 3.7. V.Drinfeld constructed in [Dr, 3.7 ] a semi-free dg category with 2 objects a, b, which is a resolution of the k-linear envelope of the ordinary category with two objects a, b, having exactly 1 morphism between any two objects. The construction was inspired by the Lemma above. The Drinfeld dg category has a fundamental value in Tabuada's construction [Tab1] of closed model structure on the category of small dg categories.
We continue proving Lemma 3.5. Find closed degree 0 maps a ′ : w → x and b ′ : z → y which are inverse in H 0 (C):
and It remains to show that Φ becomes an isomorphism in H 0 (Ĉ).
that is, Φ ′ is closed inĈ.
It remains to show that where
4 A Proof of Theorem 2.4
The idea
Let C and D be cofibrant. We need to show that the isomorphism
descends to a map in the homotopy category (and that this map is an isomorphism):
For X cofibrant, we derive the equivalence relation on Fun dg (X, Y ) via a path objectŶ of Y , as in (3.4). That is, we consider the right homotopy relation ∼ R . For a small dg category Y , denote byŶ the Tabuada path object of Y , see Section 3.4.2. It is a part of the commutative diagramŶ
where s is a weak equivalence and (p 0 , p 1 ) is a fibration.
One has from (4.1):
To derive (4.2) from (4.3), one needs to show Key-lemma 4.1. Let C, D be small dg categories, with C an I-cell complex. Then Coh dg (C,D) is a path object of Coh dg (C, D). That is, in the natural diagram The statement that s * is a weak equivalence follows from Corollary 4.3(ii) below, because s : D →D is a weak equivalence by Proposition 3.4.
Furthermore, the axiom (F1) of fibrations (see Section 3.3) holds for (p 0 * , p 1 * ) by elementary reasons.
The hardest part is to prove the axiom (F2). It is given in Section 4.3 below. In Section 4.2 we prove Theorem 2.4, assuming Key-Lemma 4.1.
Theorem 2.4 follows from Key-Lemma 4.1
Here we deduce Theorem 2.4 from Key-Lemma 4.1. The deduction uses quite standard arguments. It is diveded into several steps.
Step 0.
Lemma 4.2. Let C, D be small dg categories, with C cofibrant. Then the natural imbedding
is a weak equivalence.
Proof. An A ∞ functor C → D is a dg functor Cobar(Bar(C)) → D. There is a canonical projection p : Cobar(Bar(C)) → C which is a weak equivalence. Consider the commutative diagram of dg functors
The dg functor s is an isomorphism on sets of objects, and a quasi-isomorphism on the corresponding complexes of maps by a standard argument (it holds for any small dg category C, not necessarily cofibrant).
The dg functor t = p * is defined on objects as the pre-composition with p, and is defined on morphisms as
For any F, G as above, the maps t : (Bar(C) ), D)(tF, tG) is a quasi-isomorphism of complexes, because p is a weak equivalence (here we do not use that C is cofibrant).
The point where the cofibrancy of C is used is to show that H 0 (t) : (Bar(C)), D) ) is equivalence of k-linear categories.
Let us prove that H 0 (t) is an equivalence of k-linear categories.
the left-hand side vertical arrow is a cofibration, and the right-hand side vertical arrow is an acyclic fibration. Therefore a dashed arrow q : C → Cobar(Bar(C)) exists. One has
In particular, q is a weak equivalence. Consider the map
It defines a quasi-isomorphism on all complexes of maps, because q is a weak equivalence. It is also surjective on objects, because p • q = id. Therefore, it defines an equivalence on the level of H 0 (−).
Corollary 4.3. The following statents are true:
(i) Let C, C ′ , D be small dg categories, C, C ′ cofibrant, and let w : C → C ′ be a weak equivalence. Then the dg functor
is a weak equivalence,
(ii) let C, D, D 1 be small dg categories, C cofibrant, and let t : D → D 1 be a weak equivalence. Then the dg functor
Proof. We prove (i), the proof of (ii) is similar.
In the commutative diagram
the horisontal arrows are weak equivalences by Lemma 4.2, and the right vertical arrow is a weak equivalence by Proposition 1.1. Therefore, the left vertical arrow also is.
Step 1. Proof. We need to prove that in the diagram
(4.10) the dg functor s * is a weak equivalence, and the dg functor (p 0 , p 1 ) is a fibration (here s : D →D is the dg functor constructed in Section 3.4.2. The dg functor s is a weak equivalence, by Proposition 3.4. Therefore, s * is a weak equivalence, by Corollary 4.3(ii).
The proof that (p 0 , p 1 ) is a fibration is more involved; we essentially use Key-Lemma 4.1. By Proposition 3.3, any cofibrant dg category C is a retract of an I-cell complex (cofibrant) dg category C sf . It means that there are dg functors C i − → C sf ρ − → C where ρ • i = id C (in fact, i and ρ are weak equivalences). It gives the diagram
By Key-Lemma 4.1 we know that the middle vertical arrow (p ′ 0 , p ′ 1 ) is a fibration. On the other hand, the compositions of horizontal arrows are indentity maps. That is, the map (p 0 , p 1 ) is a retract of (p ′ 0 , p ′ 1 ).
It follows that (p 0 , p 1 ) is a fibration, by axiom M3) of a closed model category, see e.g. [Hir, Ch. 7 .1].
Step 2.
Here we complete the proof of Theorem 2.4. 
In particular, C ∼ ⊗ D is cofibrant, if C and D are I-cell complexes. By Proposition 3.3, any cofibrant dg category is a retract of an I-cell complex dg category. Let C, D be cofibrant, and C sf , D sf be I-cell complex dg categories whose retracts C and D are.
) of a closed model category, see e.g. [Hir, Ch. 7 .1].
Consider the adjunctions:
which follow from (2.5).
Proposition 4.6. Let C, D, E be small dg categories, with C, D cofibrant. One has: It is proven in [Fa2] that Coh A∞ (D, E) is isomorphic in Hot to the Toën category RHom(C, D) of quasi-functors [To] , for which one has 
Note that (4.16) and (4.17) together just mean that Θ = (θ, h, 0, 0, . . . ) is a coherent natural transformation Θ : F ⇒ G of very special type: its components of degrees 2,3,... vanish. One also has that its 0-component {θ(X) : F (X) → G(X)} X∈C has degree 0 and is invertible in
is given by three coherent natural transformations
The boundary dΨ q is defined as
Here Θ = (θ, h, 0, . . . ) : F ⇒ G and Θ 1 = (θ 1 , h 1 , 0, . . . ) : F 1 ⇒ G 1 are the natural transformations introduced above. The sign ∪ denotes the "vertical" product in Coh dg (C, D).
One can compare this dg category Coh dg (C,D) with the path-object dg category Coh dg (C, D), we'll see these two dg categories are rather similar.
The dg category Coh dg (C, D) is a particular case of the Tabuada path-object categoryX of a small dg category X, see Section 3.4.2. It has the following description.
An object of Coh dg (C, D) is a triple (F, G, Ξ) where F, G : C → D are dg functors, and Ξ : F ⇒ G is a closed degree 0 coherent natural transformation, which defined an invertible morphism in H 0 (Coh dg (C, D) ). One has:
Lemma 4.7. A degree 0 closed coherent natural transformation Ξ : F ⇒ G : C → D defines an invertible morphism in H 0 (Coh dg (C, D) ) if an only if the closed degree 0 morphisms
is given by a triple of natural transformations
The differential dΨ q is given as
Let us compare the two dg categories Coh dg (C,D) and Coh dg (C, D). It follows from Lemma 4.7 that for the coherent natural transformation Ξ of type Θ (that is, with vanishing components in degrees ≥ 2), the conditions "are invertible in H 0 (−)" agree. The only difference is that, for the case of dg category Coh dg (C,D), the coherent natural tansformations Θ : F ⇒ G which figure out in the definition of objects, are those with vanishing components in degrees ≥ 2. At the same time, those coherent natural transformations which figure out in morphisms (that is, Ψ 1 , Ψ 2 , Ψ 3 ), are totally the same for both dg categories.
4.3.2
For the dg category Coh dg (C, D) we know that it is a path object of the dg category Coh dg (C, D), as a particular case of Proposition 3.4.
For any two small dg categories C, D, the dg category Coh dg (C, D) contains a dg sub-category Coh is a quasi-equivalence.
Proof. It is well-known. One considers the case of a free dg category C with 0 differential. Then its Hochschild cohomological complex Hoch q (C, M ) with coefficients in any bimodule M is quasi-isomorphic to the sub-complex which is the total complex of the following two-terms bicomplex remains a quasi-isomorphism.
4.3.3
Turn back to our proof of Proposition 3.4. Starting with a solid arrow diagram in (3.9), we constructed g : w → z, and ξ : x → z such that The main point in the following Lemma is that one can replace g : w → z to a cohomologous mapḡ : w → z, in an arbitrary way, and then re-define the other dashed arrows in (3.9) and (3.17) appropriately (keeping the solid arrows fixed), such that that the statement of Proposition 3.4 still holds. That is, there is more freedom in the choice of g than one could reckon directly based on the proof of Proposition 3.4. Proof. We define a ′ , b ′ in the same way as in the proof of Proposition 3.4, as well as h x , h y , h z , h y . In particular, (3.14) holds. 
